The computerized Soma cube  by Brunvoll, Jon et al.
Comp. & Maths. with Appls. Vol. I2B, Nos. 1/2. pp. 113-121, 1986 0886-9561186 $3.00+.00 
Printed in Great Britain. © 1986 Pergamon Press Ltd. 
THE COMPUTERIZED SOMA CUBE 
JON BRUNVOLL, BJORG CYVIN, EINAR CYVIN, SVEN CYVIN, AAGE PAUS, 
MARTIN STOLEVIK and REIDAR STOLEVIK 
The University of Trondheim, NLHT (N-7000) and NTH (N-7034), Trondheim, Norway 
Abstract--The seven '+Soma pieces" are produced as irregular combinations of 27 identical cubes, and 
may be joined to form a "Soma cube". The position of each Soma piece is expressed mathematically, 
and all possible positions are studied by computer programming along with geometrical considerations. 
It is found that the Soma cube may be constructed in 480 non-congruent ways; that excludes solutions 
which may be generated by rotations of the whole Soma cube. The solutions may be divided into 240 
symmetrical pairs. 
1. INTRODUCTION 
The "Soma cube" was invented by the Danish engineer and poet Piet Hein. It is described 
along with some of its mathematical spects by Gardner[l]. 
Seven "Soma pieces" are produced as irregular combinations of three (piece No. 1) or 
four (pieces Nos. 2-7) identical cubes as shown in Fig. 1. The pieces No. 5 and 6 are mirror 
images of each other. As Gardner[l] says, " it  is an unexpected fact that these elementary 
combinations of identical cubes can be joined to form a cube again". Sets of Soma pieces have 
been traded as a popular toy; they have, however, considerable mathematical interest beyond 
that. The seven Soma pieces may in fact be arranged into one cube in many ways, but- - to 
quote Gardner[ 1] aga in- - " the xact number of such [essentially different] solutions has not yet 
been determined". In the present work we give the solution to this problem, which was solved 
with the aid of a computer program, combined with some geometrical considerations. This is 
an excellent example of the computerization of a mathematical problem. 
2. MATHEMATICAL REPRESENTATION 
In the Soma cube the 3 × 3 × 3 = 27 positions of smaller cubes are identified in a 
coordinate system as shown in Fig. 2. Consequently any position of a Soma piece within the 
Soma cube is identified by three (for piece No. 1) or four (for pieces Nos. 2-7) triplets of the 
integers 0, 1 and 2. 
3. TOTAL NUMBER OF POSITIONS 
3.1 Definition 
Consider the Soma cube with a given orientation. The first problem will be to derive all 
the ways in which each Soma piece may be placed within the cube. More precisely, we are 
looking for the number of positions for a given piece; two positions are defined as different 
when they have different coordinates in the mathematical representation (see above). Most of 
the pieces (Nos. 1, 3, 4, 5, 6) may be placed in a given position in two ways, and one of them 
(no. 7) in three, but it is not reasonable to distinguish between such possibilities. In other words 
we do not distinguish between the smaller cubes which build up a Soma piece. 
3.2 Piece No. 1 
Four ground positions as shown in Fig. 3 have the coordinate representations: 
O~J.2:II2(B)-I 
(1) A~: 000 010 100 
(1) B~: 000 100 110 
(1) C,y: 010 100 110 
(1) D~: 000 010 110 
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Fig. 1. The seven -Soma pieces". 
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011 111 211 
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020 120 220 
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Fig. 2. Coordinates for the positions in an oriented "Soma cube". 
Axy Bxy Cxy , Dxy 
Fig. 3. Four ground positions of the Soma piece No. 1. 
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For each one of these positions two new ones are obtained on permuting the x, y and z axes. 
Thus, for instance, from the first position one derives 
(1) Ay:: 000 001 010 
(1) A:~: 000 100 001 
Altogether twelve positions emerge, where the piece is situated closely to the origin. All the 
other possible positions are obtained by translations from these twelve positions; in each case 
there are twelve positions covered by translations. The final result is 12 × 12 = 144 positions 
for piece No. 1. 
3.3 Piece No. 2 
The two positions hown in Fig. 4 give rise to four positions each by the rotation of axes 
parallel to the z-axis, viz. 
(2) A~: 000 010 100 200 
(2) B~: 000 100 110 120 
(2) C~: 010 110 200 210 
(2) D~.: 000 010 020 120 
and 
(2) A'y: 003 010 110 210 
(2) B ' :  000 010 020 100 
(2) C'.: 000 100 200 210 
(2) D'y: 020 100 110 120 
Again we may derive two new positions from every one of the eight ones given above by 
permuting the x, y and z axes. Twenty-four positions with the piece closely to the origin emerge. 
In this case every one of these positions gives rise to six positions covered by translations. 
Consequently the total number of positions for piece No. 2 is 24 x 6 = 144. 
3.4 Pieces Nos. 3 and 4 
Fig. 5 shows one ground position each of pieces No. 3 and 4., viz. 
(3) A~,: 000 100 I10 200 
(4) A~y: 000 100 110 210 
Rotations without leaving the contact with the xy-plane give rise to three new positions in both 
cases. Again we may perform the permutations of the x, y and z axes, and finally the translations: 
six positions covered by translations are obtained from each position of the pieces near the 
origin. One arrives at the total number of positions as 12 × 6 = 72, the same for the pieces 
No. 3 and 4. 
Fig. 4. Two ground positions of the Soma piece No. 2. 
116 J. BRUNVOLL et al. 
Axy " 
Fig. 5. Ground positions (one each) of the Soma pieces Nos. 3 and 4. 
3.5 Pieces Nos. 5 and 6 
It is clear that the pieces Nos. 5 and 6 have the same number of positions because of 
symmetry. For each of these pieces we define four ground positions, which are shown in Fig. 
6. They have the following coordinates. 
(5) Axy: 000 001 010 110 (6) Axe,: 000 010 011 100 
(5) Bx,.: 010 01l 100 l l0  (6) Bx~: 000 010 l l0  I l l  
(5) C~,,: 000 100 110 111 (6) C~: 010 100 101 110 
(5) D~y: 010 101 110 111 (6) Dx~: 011 100 110 111 
Two new positions are again derived in each case on permuting x, y and z. The resulting twelve 
positions for each of the two pieces are listed in Table 1, where the number of contacts of the 
small-cube faces with the coordinate planes are indicated. The twelve positions represent all 
the possibilities clustered around the origin. Each of them gives rise to eight positions covered 
by translations. Hence the total number of possibilities is 12 x 8 = 96 for each of the pieces 
No, 5 and 6. 
3.6 Piece No. 7 
Fig. 7 shows the two ground positions 
(7) A : 000 001 010 100 
(7) A': 011 101 110 111 
Axy Bxy Cxy Dxy 
Fig. 6, Four ground positions each of the Soma pieces Nos. 5 and 6. 
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Table 1. Number of contacts of small-cube faces with 
the coordinate planes for the Soma pieces 5 and 6 in 
different positions 
Planes 
Position xy yz zx 
A,  3 3 2 
A,: 2 3 3 
A= 3 2 3 
B, 3 2 1 
B,: 1 3 2 
B:~ 2 I 3 
C,, 3 1 2 
C,.: 2 3 1 
C:~ I 2 3 
D .  2 1 I 
Dr: 1 2 1 
D:~ 1 1 2 
117 
Each of them generate four positions, say {A, B, C, D} and {A', B', C', D'}, respectively, on 
rotating around an axis parallel with z in the same way as was done with piece No. 1 (cf. Fig. 
3). Each of these eight positions near the origin may be translated into seven new ones. Thus 
one arrives at the total number of positions as 8 x 8 = 64. 
3.7 Summary 
Table 2 summarizes the total number of positions derived for the different Soma pieces. 
The symmetry of each piece is also indicated in terms of the appropriate point group. All these 
point groups[2] are subgroups of Oh, the symmetry of a cube. 
4. CONGRUENT SOLUT IONS 
Two solutions for the Soma cube are defined as congruent when they may be transformed 
into each other by rotations of the whole cube. We will also speak about congruent positions 
of a single Soma piece when they are connected by rotations of the whole cube. 
5. SOLUT ION OF THE PROBLEM 
5.1 Starting with piece no. 7 
The different positions of piece No. 7 are treated in Sec. 3.6, where the eight positions 
near origin, viz. {A, B, C, D} and {A', B', C', D'} are described. Here we consider the solutions 
for the Soma cube where piece No. 7 has one of these eight positions. Thus we start with the 
most symmetrical one of the pieces; it is the only one with trigonal symmetry. 
Fig. 7. Two ground positions of the Soma piece No. 7. 
A' 
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Table 2. Symmetry and number of positions of the Soma pieces 
Piece No. Symmetry Total number of positions 
1 C2, 144 
2 C, 144 
3 C2, 72 
4 C2h 72 
5 C: 96 
6 C2 96 
7 C3, 64 
Assume first position A for piece No. 7 (cf. Fig. 7). A computer program was designed 
and used to deduce all the solutions in this case; the number of such solutions appeared to be 
1218. One of them is given below in the mathematical representation. 
(1) : 022 112 122 
(2) : 201 202 212 222 
(3) : 200 210 211 220 
(4) : 011 111 121 221 
(5) : 020 021 110 120 
(6) : 002 012 101 102 
(7) A: 000 001 010 100 
(i) 
Because of the trigonal symmetry of piece No. 7 it is clear that the 1218 solutions consist of 
congruent riplets. For instance, the solution (i) forms a triplet with the two following ones. 
(1) : 121 220 221 
(2) : 012 022 122 222 
(3) : 002 102 112 202 
(4) : 110 111 211 212 
(5) : 101 200 201 210 
(6) : 011 020 021 120 
(7) A: 000 001 010 100 
(1) : 202 21l 212 
(2) : 120 220 221 222 
(3) : 020 021 022 121 
(4) : 101 111 112 122 
(5) : 002 011 012 102 
(6) : 110 200 201 210 
(7) A: 000 001 010 100 
(ii) 
(iii) 
B' O' 
(7) 
Fig. 8. Three positions of the Soma piece No. 7. 
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Hence the number of non-congruent solutions with piece No. 7 in position A is 1218:3 = 406. 
In the positions B, D and C' of piece No. 7 the small-cube faces have 3, 3 and 1 contacts 
with the three respective coordinate planes. These three positions are congruent. It was found 
by the computer program that no solutions are compatible with position B (and hence neither 
D or C') of piece No. 7. 
In the congruent positions C, B' and D' (see Fig. 8) the piece No. 7 has 3, l and l contacts 
for the small-cube faces with the respective coordinate planes. Hence a solution with the piece 
No. 7 in position C gives immediately rise to two congruent solutions with the same piece in 
B' and D' ,  respectively. All the C solutions were derived by the computer program. One of 
them is given below. 
(1) : 000 001 101 
(2) : 200 201 202 210 
(3) : 211 220 221 222 
(4) : 002 102 112 212 
(5) : 012 022 121 122 
(6) : 011 020 021 120 
(7) C: 010 100 110 111 
(iv) 
The number of C solutions (which is the same for B' and D') was found to be 74. 
It remains to investigate the possibilities with the piece No. 7 in position A' (cf. Fig. 7). 
It was found that no such solutions exist. 
In conclusion, the Soma cube may be constructed in 406 + 74 = 480 non-congruent 
ways. 
5.2 Starting with piece no. 2 
Additional information on the nature of the solutions for the Soma cube is obtained when 
one starts with one of the most unsymmetrical pieces, viz. No. 2. It has only a symmetry plane. 
The possible positions of this piece are discussed in Sec. 3.3. 
The position A~. (cf. Fig. 4) belongs to 24 congruent positions. They are derived on 
transforming this position by the 24 proper otations of the Oh group[2], viz. {E, 8C3, 3C2, 6C4, 
6C~}. The position D~, belongs to this set. Another set of 24 positions are derived on transforming 
A~, by the improper otations of Oh, viz. {i, 8S6, 3crh, 6S4, 6Crd}. They are mutually congruent. 
Furthermore, they are symmetrical, but not congruent with the former set. The positions B.'~y 
and C~ belong to the latter set. In this way 24 × 2 = 48 positions are derived. In a similar 
way two sets of 24 positions each are derived from A ~. (cf. Fig. 4). There remain two additional 
types of positions, which may be derived from (see also Fig. 9) 
(2) E: 010 011 I!0 210 
(2) F: 010 011 I l l  211 
On transforming one of these positions by all the 48 symmetry operations of Oh only 24 congruent 
E F 
Fig. 9. Two positions of the Soma piece No. 2. 
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positions emerge; each one occurs twice, Altogether we arrive at 48 × 2 + 24 × 2 = 144 
positions, the same as were derived in another way in Sec. 3.3. 
With piece No. 2 in the position A~ all the 219 solutions were derived. One of them is: 
(1) : 101 201 202 
(2) Am.: 000 010 100 200 
(3) : 020 110 120 220 
(4) : 111 112 210 211 
(5) : 121 212 221 222 
(6) : 001 002 011 102 
(7) : 012 021 022 122 
(v) 
This solution (v) is congruent with (i), (ii) and (iii), The position A~y of piece No. 2 is symmetrical, 
but not congruent with for instance C'..  Correspondingly there are 219 solutions with C~'~.; they 
are symmetrical, but not congruent with the former set. We may, as an example, choose the 
symmetry plane which brings A~. into C'.. The following solution is symmetrical with (v) with 
respect o the chosen symmetry plane: 
(1) : 001 002 101 
(2) C~: 000 100 200 210 
(3) : 020 110 120 220 
(4) : 010 011 111 112 
(5) : 102 201 202 211 
(6) : 012 021 022 121 
(7) : 122 212 221 222 
(vi) 
Here the pieces Nos. 1, 2, 3, 4 and 7 have been reflected in the chosen symmetry plane. The 
pieces 5 and 6 have both been reflected and have changed place. 
Assume now the position A~ for piece No. 2. The 21 possible solutions were found. One 
of them is (vii) below. 
(1) : 002 012 112 
(2) A~.: 000 010 110 210 
(3) : 011 020 021 022 
(4) : 001 100 101 200 
(5) : 102 201 202 211 
(6) : 111 120 121 220 
(7) : 122 212 221 222 
(vii) 
(1) : 112 202 212 
(2) C~.: 010 110 200 210 
(3) : 211 220 221 222 
(4) : 000 100 101 201 
(5) : 020 111 120 121 
(6) : 001 002 011 102 
(7) : 012 021 022 122 
(viii) 
We may again consider the symmetry plane which transforms A~y into Cxy. It produces a new 
set of 21 symmetrical, but not congruent solutions. The partner of (vii) is given above (viii). 
Finally it was found that no solutions exist with piece No. 2 in any of the positions E or 
F (cf. Fig. 9). 
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In conclusion, there are 219 + 21 = 240 symmetrical pairs of solutions. The number of 
non-congruent solutions is 240 x 2 = 480, in agreement with the conclusion of Sec. 5. I. 
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